Some new identities for Schur functions 



Frederic Jouhet and Jiang Zeng 
Institut Girard Desargues, Universite Claude Bernard (Lyon 1) 
43, bd du 11 Novembre 1918, 69622 Villeurbanne Cedex, France 
j ouhetOdesargues . univ-lyonl . f r , zengOdesargues . univ-lyonl . f r 



Dedicated to Dominique Foata on the occasion of his 65th birthday 



Abstract 

Some new identities for Schur functions are proved. In particular, 
we settle in the affirmative a recent conjecture of Ishikawa-Wakayama || 
and solve a problem raised by Bressoud Q . 

1 Introduction 

We fix a positive integer n and let X = (x±, . . . set of n independent 

variables. For each partition A = (Ai > A2 > • • • > X n > 0) of length < n, 
the Schur function s\(X) are usually defined as follows [||: 

s x (X) = det(x? +n - j ) /det(xr) . 

In this paper we shall follow the standard definitions and notations of Mac- 
donald's book H. Thus the Ferrers diagram of A is the subset {(i, j)\j > 
1, i < \j} of N 2 . If the diagram of is included in that of A we note (iCA 
and the skew diagram X/fj, is called a horizontal strip (or h.s. for short) if 
there is at most one cell in each column of X/fi. For any partition A we note 
Cj := Cj(X) the number of columns of length j in A, i.e. Cj = Xj — Xj+i and 
define 

a cj+l _ 1 _ ( a 6)c,+l 



n Cj+l h c i+ L 1 ( 

AM)-n 2 - T r|-n L i $ 



oh 

j odd j even 



Since f\(a, 0) = a c( - x \ where c(A) is the number of columns of odd length of 
A, a classical identity of Littlewood || reads then as follows : 

fx(a, 0)s x (X) =H(l- axi)- 1 [J(l - x jXk )-\ (1) 

A i j<k 



Set 

a, b) := - ax^l - bxi)' 1 [J(l - s^x*) -1 . 

i j<fe 

In a recent paper [|| , Ishikawa and Wakayama gave the following extension 
of (1): 

Y / fx(a,b)s x (X) = $(X;a,b). (2) 

A 

As pointed by Bressoud 0, when (a,b) = (1,0), (1, —1) and (0,0), identity 
@ reduces to the following interesting known identities respectively: 



11,'^ II rr^r. (3) 

A 1=1 1<1<J<71 

S ^ = flrh n w 

A even i=i 1 i<i<j<n J 

A' even 7 

where A' is the conjugate of A. 

In this paper we shall give two generalizations of Ishikawa and Wakayama's 
formula (||). To state them we need some definition. 

For r > 0, let h r {X) (resp. e r (X)) be the homogeneous (resp. elementary) 
symmetric function of X and set 



„ , t , a k+1 - b k+1 1 - (ab) r - k+1 k 

k=0 
r 

Q r (a,b,c) = h r -k(a, b, c)(abc) k . 

For any positive integer sequence £ = (£i, . . . , £ r , . . .), where £ r ^ for only 
a finite number of integers r, set 

F(.{a, b, c) = % (a, 6, c) P^ k (a, 6, c)Q ?2fc+1 (a, b, c). 

fe>l 

For any integer i > 1, let e$ be the vector of the canonical basis of 
Z°° and introduce the operator Si : 6£ = £ — £j — Sj+i for £ G N°°. Set 
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5iF^(a,b,c) = Fs^(a,b,c), where Pk = Qk = if k < by convention. 
Hence, to any partition A of length < n we can associate the polynomial 

n 

fx(a,b,c) :=^2(-abc) k ^ 5 h ■ ■ ■ 5 ik F r(x) (a,b,c), 

k=0 ii<— <i& 

where T(A) = (ci, C2, • • •) is the sequence of the multiplicities of parts in the 
dual of A, or Cj is the number of columns of length j in A. 

Now we can state our first generalization of (Q), which gives in fact a 
positive answer to a conjecture of Ishikawa and Wakayama ||. 

Theorem 1 We have 

£ h(a, b, c) Sx (X) = 3>(X; a, b) - cx^ 1 . 

A i 

On the other hand, Macdonald 0, p. 83-84], Desarmenien-Stembridge 0, 
|j and Okada @ have given bounded versions of identities (3)- (5), respec- 
tively, as follows : 

Theorem 2 (Macdonald) For non negative integers m and n, 

det ( arj~ — x" 1+2n_: ' 



A S, SA( ' Y) = nr rf (i--.)n,<, 



(x^ Xj^{XiXj 1) 



Theorem 3 (Desarmenien-Stembridge) For non negative integers m 
and n, 

det 

A e«en 

Remark. This result follows immediately from Macdonald's formula. In- 
deed Pieri's formula implies: 

n 

fe=0 A X <2m Ai<2m+1 

Aeven 

Since X]fc=o e k(X) = TlT=i(l+ x «)> we get immediately theorem || by applying 
Macdonald's formula. 
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Theorem 4 (Okada) For non negative integers m and n which is even, 



i det \x{ 1 — x ™ +2n 1 3 ) + det \x{ 1 + xj l+2n 1 3 
SA (x) = ^ ! I ^ ! 

. 1<m ^ n*<7 c^^^i _ i)( x i ~ x j) 



X' even 



After giving elementary proofs of (2) and of the last three identities [jl], Q], 
Bressoud [Q] raised the problem of finding an extension of (2) for bounded 
partitions. Our second generalization of (2) will give an answer to Bressoud's 
problem Q. 

For any sequence £ 6 {±l} n , we denote by the number of — l's in 
the sequence £, set A^ = {^-j 1 , . . . , Xn } and 



/)(£. z) = i - ^ n 



x { ^~ 1)/2 . 



Theorem 5 For non negative integers m and n, 



fx(a,b)s x (X) = P(a,a,b)$(Xt;a,b)ll 



m(l-&)/2 



AC(m») £e{±l}™ 

where the coefficient /?(£, a, 6) is equal to 



,m+l 



un+1 



D(e,o)D(e ,b) 
D(£,l/a) Dfol/b)) a-b 

1 (a&r +1 \ £>(£, !)£>(£, ab) 



£>(£,!) 0(£,l/a6) 



1 -aft 



odd, 



if\£\-i even. 



Remark. Assume that \a\ < 1, |b| < 1 and \xi\ < 1 (1 < i < n) and let 
m — * oo, then all the summands tend to except the one corresponding 
to = 0, which tends to <5(A;a,6). Therefore theorem 5 reduces to (2) 
when m — > oo. 

We shall give the proof of theorem 1 in section 2 and that of theorem 5 
in section 3 using Macdonald's approach ||. Finally, in section 4, we will 
show that when (a, b) = (1,0), (1,-1) and (0,0), theorem 5 reduces actu- 
ally to the above results of Macdonald, Desarmenien-Stembridge and Okada 
respectively. 
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2 Proof of theorem 1 



Let V be the set of partitions of length < n. Given a partition A G V, we 
note -ff(A) the set of partitions /i € T 7 such that A/// is a horizontal strip. 
As noticed at the end of ||, identity (H|) can be derived from Littlewood's 
formula (|l|) and the so-called Pieri formula (see ||): 



s^X)h k (X)= Y, s a(I). 



(6) 



|A/ M | = fc 



In the same vain, we shall derive theorem 1 from (||) and (||). We first review 
such a proof for (Q). By virtue of (1) and (||), identity (2) is equivalent to 
the following: 

fx(a,b)= Y b W ^a c ^. (7) 
neH{\) 

Let Aj(\) be the subdiagram of A consisting of Cj columns of length j for 
j > 1. Thus choosing a partition jj, in H(X) is equivalent to choose r left- 
most (resp. the rest Cj — r ) columns of length j (resp. j — 1 ) for [i within 
each block Aj(p). Clearly the corresponding weight is 



YllU a c i~ r b r = 



.Cj—rur a J — o £ 



a— 6 
l-(ab) c J +1 



if j is odd, 
if j is even. 



Multiplying the weights on all j > 1 yields ([?]). 

Each pair (A,/i) with fi € -ff(A) can be visulized by putting a cross (x) 
in each cell of A//i. 

Example. For A = (10, 9, 8, 6, 1) and /x = (9, 8, 7, 3, 1) G H(X), their Ferrers 
diagrams and the block A4 (A) are represented as follows : 



EXE 




A 4 (A) 





































X 


X 


X 



Similarly, by (^) and we see that theorem 5 is equivalent to the following: 

f x ( a ,b,c)= Y a^W^cWrt, ( 8 ) 

(M,^)£C(A) 
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where C(A) = {(/i, v) \ n G /7(A), 1/ G #(//)}. 

We shall compute the right-hand side of (g) using sieve method. To this 
end we shall first enumerate a larger class of patterns whose generating 
function is equal to i ? r(A)( a > b, c). 

Recall that we identify a partition A with its Ferrers diagram. We will 
say that a subset S of N 2 is a partition diagram if {(x — A;,y)|(x,y) G S 1 } is 
a Ferrers diagram for some integer k > 0. Let H'(X) be the set of all subsets 
/i of A such that fj, D -Aj(A) is a partition diagram for all j > 1 and A//U is a 
horizontal strip. Define 

B(A) = {(/x J ^)|/xGi?(A),i/Gi2- / (/x)}. 

Note that in the above definition, the subdiagram v of A is not necessary a 
partition diagram. In this regard, the set C(A) can be described as follows: 

C(X) = {(fX,v)eB(X)\uEH(^)}. 

Given v G H'(n), the jth row of v is called compatible if 

Vx > 1, [x + 1; j) G v ==> (x;j) G v. 

For p > let B P (X) be the set of (fJ-,u) G -B(A) such that v has at least p 
non compatible rows. Clearly Bq(X) = B(X) and B(X) \ C(A) = Bi(X), in 
other words, a pair (//, G -B(A) is an element of C(A) iff all the rows of v 
are compatible. By the principle of inclusion-exclusion we obtain 



a^b^c^'^ 



1(A) 

E(- 

p=0 



■IF 



E ■ 



Each triple (X,fj,,u) with (/U,z/) G B(X) can be visualized by putting a 
circle o (resp. cross x) in each cell of \xjv (resp. X//J,). 
Example. The following diagrams represent two triples (A, fj,, u) : 



















o 


X 
















o 
















o 




X 






o 


o 


o 


X 


X 


X 






X 























o 


X 
















o 


X 






















o 


o 


o 


X 


X 


X 






X 









(a) (b) 

Clearly A = (10,9,8,6,1) and \x = (9,8,7,3). In (a), the pair (/i, u) is in 
B\(X) because the third row of v is not compatible, so v G H'(fi)\H(fj,) and 
v is not a partition. In (b), the pair (^u, v) is in C(A) because all the rows of 
v are compatible, so v = (8, 7, 7) is a partition in H{fj). 
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Lemma 1 We have 

£ a c ^b^c\ x /^=F r{X) (a,b,c). 

Proof. As in the proof of (0), we divide the diagram A into rectangular 
blocks A/ (A), j > 1 , and compute the weight within each block Aj(X). 
Clearly choosing a pair (fJ,,u) in B(X) is equivalent to, for each j > 1, first 
choose the p left-most (resp. the rest q = Cj — p) columns of length j (resp. 
j — 1) for /i in Aj(X), and then choose s (resp. p — s) left-most columns of 
length j (resp. j — 1) for v among the p columns of fi, also choose r (resp. 
the rest q — r) left-most columns of length j — 1 ( resp. j — 2) for v. Thus 
the corresponding weight is h Cl (a, b, c) if j = 1 and, for each j > 2, 

E o f x>^r) (E arb9 ' r ) = p °i (°> 6 > c ) if * even ; 

P+^Cj \s=0 / \r=0 / 

< 

E c " [Em EWj =Q«y(o,6,c) if j odd. 

p+q=cj \s=0 J \r=0 J 

Multiplying up over all j > 1 we get the desired formula. □ 

Example. Consider the (a) case of the previous example. The subdiagrams 
corresponding to the block ^4 (A) are the following : 



A (A) 































o 


o 


o 


x 


X 


X 



{j, n Ai(A) 



vnA^X) 



Note that Cj = 5, p = 2, s = and r = 2. 

For any set of integers J = j'2, . . . , j p } (p > 1) let Bj(X) denote the 
set of all the pairs (/U, i/) G -B(A) such that the j'th row of v is not compatible 
for j G J. Hence Bj(X) G 5 p (A). 

Lemma 2 There holds 

£ a cW 6 lM/H c |A/H = (a6c)P ^ . . . ^ pj p r(A) ( a , 6, c). 
(fv)eB,;(A) 
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Proof. Recall that A' = (l Cl 2 C2 ...). Suppose there exists a pair (/x, v) in 
Bj(X), then there should be an integer Xj G N such that (xj + 1, j) G f and 
(xj,j) £ n/v for any j G J. In view of the definition of Bj(X) we must have 
x j = Q(A) + • • • + Cj+i and (xj,j + 1) £ A//x, for A//i is a horizontal strip. It 
follows that Cj > 1 and Cj + \ > 1. Furthermore, if j + 1 is also in J, we must 
have Cj + i > 2. Summarizing, we have the following equivalence: 



Bj{\) + 



CjCj + 



i / Vj G J and c,-+i > 2 if j, j + 1 G J. 



It is easy to see that the last condition is equivalent to Sj 1 ■ ■ ■ 5j p T(X) G N°° 
or 5 h ■■■S jp F TW (a,b,c) + 0. 

In what follows we shall assume that Bj(X) / 0. Thus we can define a 
unique partition 5j(X) such that T(Sj(X)) = 5j 1 . . . 5j p T(X). Graphically, the 
diagram Sj(X) can be obtained by deleting, successively for j G J, the Xjih 
and (xj + l)th columns and shift all the cells on the right of Xjth column 
of A to left by two units. For (//, v) G B j(A), if we apply the same graphical 
operation to the \x and v, we get a pair (#/(//), Sj(v)) G B(Sj(X)). 
For example, in the previous example, if J = {3, 4}, then 5j(X) = (6, 5, 4, 3). 
The corresponding triples (X,fi,u) with (n, v) G B(X) and (8j(X), Sj(fi), Sj(u)) 
with (Sj(/j,), 6j(v)) G B(Sj(X)) are illustrated as follows : 

deleted deleted 



















o 


X 
















o 


X 














o 




X 






o 




o 


X 


X 


X 






X 















o 


X 








o 


X 
















o 


X 


X 







Since the weight corresponding to the deleted Xjth and rEj+ith columns of 
A, (i and u is abc for each j G J, we have 



=Hft|A/H c lM/A| = ( abc )P a c{6j(v)) b \6j(\)/6j{v\) c \6j(n)/5j{\\)_ 



Therefore 



(\,v)eBj(\) (x,u)eB(Sj(\)) 

The lemma follows then immediately from lemma 1. 
It follows from lemma 2 that for p > 1 

£ a cW 6 HH c IVH = (a6c)P £ ^ . . . <5, p F r(A) (a, 6, c ). 
{ix,v)eB p (\) i<ji<-<j P <iW 



□ 
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Combining with (|9|) and lemma 1 we derive immediately theorem 1. 
Remark. Similarly, using another identity of Littlewood Q: 

£ a^s x (X) = [J ^5 IK 1 - Si**)" 1 , (10) 
where r(A) is the number of rows of odd length of A, we obtain: 
£ Ma, b) SX (X) = J] + + _ 

A i 1 j<k 

and 

f l U \ tV\ TT i 1 + aX i)( 1 + bXi)(l +CXi) y-r . x 
2^/A'( a ^>c)s A (X) = ]_]_ ^— -5 [[{1 - XjXk) . 

A < * j<fc 

Note that Cj(X') = nij(X) is the multiplicity of j in A. 



3 Proof of theorem 5 

Consider the generating function 



S(u) = Y,fx(a,b)sx(X)u Xo 

A ,A 



where the sum is over all Ao > Ai > • • • > A n > 0, and A = (Ai, . . . , A n ). 
Suppose A is of form /j^ 1 , , . . . f/ k h , where > [12 > ■ ■ ■ > fJ-k > and 
the r\ are positive integers whose sum is n. Let S x = S Tl x • • • S rh be the 
group of permutations leaving A invariant. Then 



Sx (x) = £ W z^...^n 



1 X <i X 4 

weS„ \ l<] J 



where the permutation w acts on the indices of the indeterminates. Each 
w € Sn/S^ corresponds to a surjective mapping / : X — > {1,2,..., k} such 
that = ri. For any subset Y of X, let p(Y) denote the product of 
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the elements of Y. (In particular, p(0) = 1.) We can rewrite Schur functions 
as follows: 

sx (x) = j^pirHW 1 ■ ■■p(r 1 (k)r k n 

f /(*<)</(**) 3 

summed over all surjective mappings / : X — > {1, 2, ...,k} such that 
\f~ 1 (i)\ = T{. Furthermore, each such / determines a filtration of X: 

T: (D = F CF 1 C...CF k = X, 

according to the rule Xi € Fi f(%i) < I for 1 < I < k. Conversely, 
such a filtration T = (-Fo, Fi,... , Ffc) determines a surjection f : X — > 
{1,2,... , A;} uniquely. Thus we can write: 

s x (X) = Y,^ II P(Fi\Fi-iT\ (11) 

T l<i<k 

summed over all the filtrations T such that \Fi\ = r\ + r<i + ■ • • + rj for 
1 < % < k, and 

^ = n 

/(x«)</(x j ) J 

where / is the function defined by T . 

Now let V{ = — /Uj+i ifl<i<Ar— 1 and ^ = ^fc, thus Vi > if i < k 
and z^; > 0. Since the lengths of columns of A are \Fj\ = r% + • • - Tj with 
multiplicities Vj for 1 < j < k, we have 

/A(a ' 6)= II a -6 II i- a6 ' < 12 > 

| Fj | odd | | even 

Furthermore, let = an d = Ho ~ Hi in the definition of S(u), so that 
vq > and //o = ^0 + + ' • • + v k- It follows from ([ll]) and (^) that : 

5(«) = e^e^° n Q ^ + ^r +1 ^p(^-)^ 

F ^ |Fj|odd ' 

- n n^w, as) 

\Fj\ even 

where the outer sum is over all filtrations J- of X and the inner sum is over all 
integers i/q, v\, ■ ■ ■ , Vk such that vq > 0, Vk > and Vi > for 1 < i < k — 1. 
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For any filtration T of X set 

aia-b)- 1 bia-by 1 



A T {X,u) 



n 

\Fj\oAA 

* n 

| Fj | even 



1 — ap(Fj)u 1 — bp(Fj)u 

(1-ab)- 1 _ ab(l - ab)- 1 
1 — p{Fj)u 1 — abp(Fj)u 



x(Fj + X) 



where x(A) = 1 if A is true, and x(A) = if A is false. Then the inner sum 
of ©is ' 

(l-u)-%(X,u), 



therefore 



s(u) = (i-uy^KMAXiu), 



where the sum is over all the nitrations of X as before. 

The above formula shows that S(u) is a rational function of u whose 
denominator is the product of the form 1— ap(Y)u, l—bp(Y)u or 1— abp(Y)u, 
where Y C X. Therefore we have the following result. 

Lemma 3 The generating function S(u) is of the form: 

a(Y) b(Y) 



S{u) 



i-u 4^ vi 



YCX 

I VI odd 



+ £ I 

YCX ^ 
IVI even>0 



ap(Y)u 1 — bp(Y)u 
c(Y) d(Y) 



p(Y)u 1 — abp(Y)u 



It remains to compute the residues. Let us start with c(0). Writing Ao 
Ai + k with k > 0, we see that 



S(u) = ^n fc ^/ A (a,6) SA (X)^ 

fe>0 A 

= (i-iO-^/aMJsaOxVs 

A 

it follows from (2) that 



(S(u)(l -u))\ u=1 = <f>(X;a,b). 
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For computations of the other residues, we introduce some more notations. 
For any Y C X, let Y' = X \ Y and —Y = {x~ l : X{ £ Y}. For any subset 
Z of X or -X let 



a(Z, u) 



(1 — ap(Z)u)(l — bp(Z)u) if|Z|odd; 
(1 — p(Z)u)(l — abp(Z)u) if \Z\ even. 



As the computations of other residues are similar, we just give the details 
for c(Y). Let FCI such that \Y\ is even. Then we have 



c(Y) 



(1 - n)" 1 *MAX; u)(1 - p{Y)u) 



T 



(14) 



J «=p(-Y) 



If y ^ J 7 , the corresponding summand is equal to 0. Thus we need only to 
consider the following nitrations J-: 

® = F C---CF t = YC---<ZF k = X l<t<k. 

We may then split T into two filtrations T\ and J-2, of — Y and Y' = X \ Y 
respectively, as follows : 

T X : 0c-(y\F t _ 1 )c...c-(y\F 1 )c-y, 

Then, writing v = p(Y)u, we have 

(l-n)- 1 ^(X; U )(l-p(y)n) = (1 - p(-Y)v)~ l Ar^-Y ■ v)A Fa {Y'; v) 

xa(-Y,v) [(1 - aby 1 - 0(v)(l - v)] , 

where (3{v) = ab/(l — abv)(l — ab) — x{Y / X), and 

mx) = m-y)my') n ( x - x ^r\ 



As u = p(—Y) is equivalent to v = 1, it follows from (14) that 



c(Y) = (l_a6)- 1 (l-p(-y))- 1 a(-y,l) J] (l-x^)" 1 



^7r^(-y)^(-y;t;) 

^1 



v=l 



J2^ 2 (Y')A^(Y';v) 



v=l 
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Using the result of c(0), which can be written: 

<S>(X; a,b)=Y J (ttAX)AAX; u)) u=l , 
T 

we obtain: 

Each subset Y of X can be encoded by a sequence £ € {±1}™ according to 
the rule : £j = 1 if Xi £ Y and & = — 1 if x« G Y. Hence 

$(s?,...,4";a,6) 
( j (l-a6)(l- P (-Y)) al y ' ij ' 

Note also that 

i i 

In the same way, we find for any even size subset Y C X that 

_ ab^(^,...,x|";a,b) 
^ j " (1 - 6)(1 - (a6)- 1 p(-Y)) al ij ' 

and for any odd size subset Y C X that 

q$(xf 1 ,...,xl";o,b) 
1 j ( a _6)(l-a-M-^)) 1 

1 j (a-6)(l-6-V(-Y)) { ' j ' 
By virtue of lemma 1, extracting the coefficient of u m in yields 

fx(a,b)s x (X) = <S>(X-a,b) + £ [a(Y)a m - b(Y)b m ] p(Y) m 

AC(m") y « 
~ |y|odd 

+ J] [ c (y)-d(y)(o6r]p(y) ro . 

ycx 
|y | even>o 

Finally, substituting the values of o(Y) , b(Y) , c(Y) and d(Y) in the above 
formula we obtain theorem 5. 
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4 Three special cases 

First we note that f\(l,0) = 1, 
/a(1,-1) = 

and 



if any Cj is odd, 

1 otherwise; 



, ,„ „> f if any c,- is 
*(°>°) = { 1 otherwise. 



if any Cj is positive for any odd j, 
1 

On the other hand, we have 



£(£,1,0) = 1, 

II if m even, 

m ' h ~ l) = \UA^ 1)/2 if -odd; 

and 

0(60,0) = | J if any |eU is odd, 
v ' [1 otherwise. 

So we derive immediately from theorem 5 the following result. 

Corollary 1 The sums of Schur functions of shape in a given rectangle are: 

E , A (X) = £ *(^;l,0)n*r M)/2 , (15) 
AC(m)« £€{±l} n i 

E = E *(* € ;i,-i)IK (1_&) . (16) 



AC(2m)« £e{±l} r ' 

a ewen 



E = e *(^;o,o)n^r 1 " 6,/2 . ( l7 ) 

AC(m)« 5e{±i} n j 

a' even even 

where n is even in the last identity. 

To see that the above corollary is equivalent to theorems 2, 3 and 4, we 
need only to appeal to Vandermonde's determinantal formula : 

n 

E e (^)Il4 W =det(4- 1 )= J] (xi-xj). (18) 

Notice that for £ € {±l} n and 1 < i < j < n, 

(xf - x^ J )(l - xfx^) = (x; - Xj)(l - XiXj)xf _1 x^ _1 , 
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therefore 

H(xf - xf)(l - xfxf) = II r, - Xj )(l - .r;.r,)l[.r)" L)te \ 

i<j i<j % 

The (a, b) = (1,0) case : Set 

Ab = ^$(X-l 0)^ = lit 1 " Xi ) I[( Xi ~ x i)i x i x 3 ~ !)• 
Using (|l^) and (|19|), we can write 



So the right side of ([H]) is 



_L ^ e ( a ) ^ (-l)KI- 1 TJ x (m+2n_1)(1 ^«)/ 2 +^w( i - 1 ) 
^ B o-eS™ £e{±i}« i 

= ^ e ^> e n <s n K<r 

aeS n £e{±i}™£ CT(i) =i e CT (i)=-i 
= — — det ( xi~ l — x m ~ ~" 1 



Hence theorem 2 is equivalent to (15). 
The (a,b) = (1, -1) case : Set 

Ac = wr = rid - x?) - - 



By (|18|) and (|T^), we have also 

•<*;!, -i) = (=^l^-" <I " ^ ' , e ^)iK<f ~"> 

and the right hand side of ( |l~6| ) is 

e n4;r )(1 ^ (i))+(i_1) ' CT(<) 
= ib e «(') e n « n Rr m -' + ' 

° <reS n 5G{±l}"? tT(l) = l £<r(<)=-l 

1 j , / 7-1 2m+2n+l-j 
= — — det I arf — x ' 

Ac 
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So Theorem 3 is equivalent to (|l6|). 
The (a, b) = (0, 0) case : Set 

a Yli<j( x i ~ x j) l r / w 1 \ 

= d>( X;0; o) = lite " ^X 1 " 

By ( 111 ) and (|l^), we have also 

*(^ ; o,o) = ^n^~ l)(l ' ei) e ^n^^ 

and the right side of ([L7]) is 

^ e «(') e n <i n <r- 1 

|£|_ieven 



1 



det [x\ 1 — x™ +2n 1 ^ ) + det \x\ 1 + x™ +2n 1 J 



2A D 

So theorem 4 is equivalent to (fL7|). 

When m = 0, as the left sides of (|l5|), (|i"6|) and (|l7|) are equal to 1, we 
obtain the following result. 

Corollary 2 For any non negative integer n, we have 

det (arp 1 - xf n ~ j ^j = JJ(1 - Xi) Y[( x i ~ x j)( 1 ~ x i x j), 

i i<j 

det {x 3 ~ l - x 2n ~ J+1 ) = - x 2 ) Yl( Xl - xj)(l - XiXj), 

i i<j 

det (x^ -1 + xf 1 ' 1 '^) = 2^J(xj - Xj)(l - XiXj). 

i<j 

These are actually Weyl's denominator formulas for root systems of type 
B n , C n and D n (Q, p. 68-69) respectively. 
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